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Plan for today

• [11:00-12:20] Session 5 and lab: we will learn how to model the extremal behaviour of two depen-
dent variables simultaneously.

• R/RStudio required. Packages: evd, ismev, copula.

• Documents needed: SMEE_IHP2022_Session5HO.pdf, Practical5Lab.pdf.

• Data needed: fremantle, portpirie, wind from the ismev package.

• [12:20-12:30] INLA book giveaway!
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What is this session about? – Bivariate extremes

• In this session we consider the problem of modelling the extremal behaviour of two (depen-
dent) variables simultaneously. There are several reasons why we may wish to do this:

• To model the extreme behaviour of a particular variable over several nearby locations (e.g. rainfall
over a network of sites – simultaneous heavy rainfall at several locations could cause flooding).

• To model the joint extremes of two or more different variables at a particular location (e.g. wind and
rain at a site – the combined effects of wind and rain during a hurricane can result in extreme storm
surge).

• All of these problems suggest fitting an appropriate limiting bivariate distribution to the rel-
evant data.
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Recalling some important results

• We know that under certain conditions, we can characterise the distribution of component-
wise maxima with the bivariate extreme value distribution (BEVD) G, where

G(z1,z2) = exp{−V(z1,z2)}, z1,z2 > 0,

V(z1,z2) = 2
∫ 1

0
max

(
w
z1
,
1−w
z2

)
dH(w), where

∫ 1

0
wdH(w) =

∫ 1

0
(1−w)dH(W) =

1
2

• V is the exponent measure and H is the spectral distribution with mean 1/2.

• All the information about extremal dependence is contained in V or H.

• Another equivalent way to characterize extremal dependence is through the Pickands’ de-
pendence function A:

A(w) = V{w−1,(1−w)−1}, w ∈ [0,1].

• There are a 1-1 maps: V⇔ H⇔ A.

• Note that G is “parametrised” by a distribution (H)! Therefore, there are infinite many Gs!
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Recalling some important results

Properties of G,V,H and A

• The limiting distribution G is such that
• Unit Fréchet margins: G(z,∞) = G(∞,z) = exp(−1/z), z > 0.

• Max-stability: {G(tz1, tz2)}t = G(z1,z2), z1,z2 > 0

• The exponent measure V satisfies:
• Margins: V(∞,z) = V(z,∞) = 1/z, z > 0.

• Homogeneity of order -1: V(tz1, tz2) = t−1V(z1,z2), z1,z2 > 0, t > 0.

• The spectral distribution H is such that
• Is a distribution, i.e., dH(w)≥ 0 and

∫ 1
0 dH(w) = 1

• Mean constraint:
∫ 1
0 wdH(w) = 1/2

• The Pickands’ dependence function A satisfies
• Boundaries: max(w,1−w)≤ A(w)≤ 1.

• Convexity: A{tw1+(1− t)w2} ≤ tA(w1)+(1− t)A(w2), t ∈ [0,1].
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Recalling some important results

Independence and perfect dependence
We have the two following bounding cases:

• Case of independence

• G(z1,z2) = exp{−(z−11 + z−12 )}

• V(z1,z2) = z−11 + z−12

• dH(0) = dH(1) = 0.5 and dH(w) = 0 for 0< w < 1.

• A(w) = 1, w ∈ [0,1].

• Case of perfect dependence

• G(z1,z2) = exp{−max(z−11 ,z−12 )}

• V(z1,z2) = max(z−11 ,z−12 )

• dH(0.5) = 1 and dH(w) = 0 for w 6= 0.5.

• A(w) = max(w,1−w).
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Recalling some important results

Summarising extremal dependence
• One way to measure the strength of extremal dependence is through the limiting conditional
probability

χ = lim
u→1

Pr(FY(Y)> u | FX(X)> u), u ∈ [0,1]

Intuition: χ is the probability that Y is extreme given that X is similarly extreme.

• In practice we use the fact that χ = limu→1 χ(u), where

χ(u) = 2− logPr{FX(X)≤ u,FY(Y)≤ u}
logu

.

• The sign of χ(u) determines whether the variables X and Y are negatively of positively asso-
ciated at the level u.

• A similar quantity is

χ̄(u) = 2 log(1−u)
logPr{FX(X)> u,FY(Y)> u}

− 1−→ χ̄ ∈ [−1,1], u→ u.

• The pair of coefficients (χ, χ̄) may be used to determine the type of asymptotic dependence:

• χ > 0 and χ̄ = 1: AD⇒ χ reflects strength of extremal dependence.

• χ = 0 and χ̄ < 1: AI⇒ χ̄ reflects strength of extremal dependence.
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Componentwise maxima – models

• Classical modelling involves identifying a parametric sub-family, typically characterised in
terms of V or H, with appropriate flexibility to handle the structure inherent in the data.

• Models can be fitted, e.g. by maximum–likelihood estimation, either in two steps (marginal
components followed by dependence function) or in a single sweep.

• The log-likelihood associated to G is

`(ψ) =
N
∑
i=1

[
log{Vx(z1,i,z2,i)Vy(z1,i,z2,i)−Vxy(z1,i,z2,i)}−V(z1,i,z2,i)

]
,

where Vx,Vy and Vx,y denote partial and mixed derivatives of V and ψ is a vector of param-
eters that depends on the chosen parametric family.

Some parametric families
• Logistic model (Gumbel, 1961)

• Asymmetric logistic model (Tawn, 1988)

• Bilogistic model (Smith, 1990)

• Husler-Reiss model (1989)

• Schlather model (2001)
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Componentwise maxima in practice

In this session, we will focus on two parametric families:

• Logistic model: for α ∈ [0,1]
V(z1,z2) = (z−1/α

1 + z−1/α

2 )α

• Asymmetric logistic model: for α ∈ (0,1],ψ1,ψ2∈[0,1]

V(z1,z2) =
1−ψ1
z1

+
1−ψ2
z2

+

{(
z1
ψ1

)−1/α

+

(
z2
ψ2

)−1/α
}α

• Task 1: We start by simulating from the models to get a feel for the type of extremal depen-
dence they display.
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Componentwise maxima – inference

• In practice, parametric inference based on block maxima works as follows:

1. Choose a block size, and extract block maxima for each component.

2. Fit marginal GEV distributions.

3. Standardize maxima to unit Fréchet scale (using fitted GEVs).

4. Fit flexible parametric bivariate model to transformed data.

5. Estimate return levels, assess uncertainty, draw conclusions.

• Regarding marginal fits (point 2 above):
• May be performed separately for each component (i.e., fit a GEV(µk,σk,ξk) for each compo-
nent k= 1,2).

• In some cases (e.g., spatial applications), µ1 and µ2 may be estimated jointly, possibly in terms
of covariates (reducing total number of parameters).

• similarly for σ1,σ2 (or even ξ1,ξ2 but beware over-parametrization).

• Margins and dependence may be fitted simultaneously (better for uncertainty).
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Componentwise maxima in practice

• Task 2: Let’s apply parametric models to annual max sea levels at two locations in Australia.
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Bivariate threshold excess models

• In the univariate case, we know that the tail of an arbitrary distribution F can be approximated
by a member of the family of distributions

HGPD(x) = 1−ζu

{
1+ ξ (x−u)

σ

}−1/ξ

, x > u. (1)

• In other words, F(x)≈ HGPD(x) for x > u.

• We would like to derive a bivariate version, i.e., find an approximation of bivariate tails.

• Suppose (x1,y1), . . . ,(xn,yn) are independent realizations of (X,Y) with joint distribution func-
tion FX,Y .

• For suitable thresholds ux and uy , the marginal distributions of FX,Y(x,y) (for x > ux,y > uy)
have an approximation of the form (1).

• Using the HGPD approximations we can transform x,y to x̃, ỹ with a common Frechet scale.
Moreover, using the properties of max-stability of G and homogeneity of order -1 of V , we can
get

FX,Y(x,y)≈ G(x̃, ỹ), x > ux,y > uy
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Bivariate threshold excess models

• Inference using the bivariate tail approximation above requires caution as we need to consider the
possibility that exceedances might occur only in one variable.

• For a pair x,y, their contribution to the likelihood, g(x,y), depends on the region they belong to.

• Let θ represents the parameter(s) in our dependence model (e.g. θ = α if we use the logistic model;
θ = (α,ψ1,ψ2) in the assymetric logistic model, etc). We have:

• Region 1 – full contribution:

g(x,y;θ) = ∂ 2

∂x∂y
G(x,y)

∣∣∣
(x,y)

• Region 2 – Partially censored contribution:

g(x,y;θ) = ∂G
∂x

∣∣∣
(x,uy )

• Region 3 – Partially censored contribution:

g(x,y;θ) = ∂G
∂y

∣∣∣
(ux ,y)

• Region 4: Fully censored contribution:

g(x,y;θ) = G(ux ,uy)

• The (censored) log-likelihood is therefore: `(θ ; (x,y)) =
n

∏
i=1
g(xi,yi;θ)
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Bivariate threshold excess models

• Task 3: Let’s apply parametric models for bivariate threshold exceedances to wave and surge
heights (in metres) at a single location off south-west England.
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Final comments

• The parametric models presented here belong to the class of assimptotically dependent (AD)
models.

• But a valid limiting distribution for componentwise maxima is independence, i.e.

G(x,y) = exp(−1/x)×exp(−1/y), x > 0,y > 0

• Example: extremes of bivariate normal vectors are independence if correlation ρ < 1.

• Models for distributions in the assymptotic independence (AI) class have been proposed as
well as models that transit between both classes (see, e.g., Huser and Wadsworth (2022) and
references therein).

• There are other approaches for (multi)-bivariate extremes that we have not mentioned:

• Non-parametric and Semi-parametric approaches: Einmahl and Segers (2009), de Carvalho et al.
(2013), Castro-Camilo et al. (2017, 2018)

• Multivariate Generalized Pareto distribution: Rootzén and Tajvidi (2008), Rootzén et al., 2018, Kiriliouk
et al. (2019)

• Penultimate models: Kaufmman (2000), Papasthopoulos and Tawn (2013), Huser et al. (2018).
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INLA book giveaway
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